
Recall: Curvature is 

  Κ =  |
𝑑𝑻⃑⃑ 

𝑑𝑠
| =

|𝒓⃑ ′(𝑡)×𝒓⃑ ′′(𝑡)|

|𝒓⃑ ′(𝑡)|𝟑
 

 
2D Curvature:  
For, 𝑦 = 𝑓(𝑥), we form:     
      𝒓(𝑥) =  〈𝑥, 𝑓(𝑥), 0〉.  
      𝒓′(𝑥)      =  〈1, 𝑓′(𝑥), 0〉      
      𝒓′′(𝑥)     =  〈0, 𝑓′′(𝑥), 0〉 

     |𝒓′(𝑥)|    =  √1 + (𝑓′(𝑥))2   
     𝒓′ × 𝒓′′   = 〈0,0, 𝑓′′(𝑥)〉        
 

𝐾(𝑥) =  
|𝒓′ × 𝒓′′|

|𝒓′|𝟑
=

|𝑓′′(𝑥)|

(1 + (𝑓′(𝑥))
2
)
3/2

 

 
 
 
 
 

Entry Task:  𝑓(𝑥) = 𝑥2 − 6𝑥 
At what point (𝑥, 𝑦, 𝑧) is the 
curvature maximum? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



13.4 Position, Velocity, Acceleration 
If t = time and position is given by 

𝒓(𝑡) =  〈𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)〉 
then 
 

𝒓′(𝑡) = lim
ℎ→0

𝒓(𝑡 + ℎ) − 𝒓(𝑡)

ℎ

=
change in position

change in time
 

= velocity = 𝒗(𝑡) 
 

|𝒓′(𝒕)| =
change in dist

change in time
= speed =

ds

dt
  

 
 

𝒓′′(𝑡) = lim
ℎ→0

𝒓′(𝑡 + ℎ) − 𝒓′(𝑡)

ℎ
 

            =
change in velocity

change in time
 

            = acceleration = 𝒂(𝑡)  
 

Example: Let t be time in seconds and 
assume the position of an object (in feet) 
is given by  𝒓(𝑡) = < 𝑡, 2𝑒−𝑡 , 0 > 

Compute 𝒓′(𝑡), |𝒓′(𝑡)|, and 𝒓′′(𝑡) 
and 𝒓′(0), |𝒓′(0)|, and 𝒓′′(0). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



HUGE application:  
Modeling ANY motion problem. 
 
Newton’s 2nd Law of Motion states 
  Force = mass · acceleration 
   𝑭 = 𝑚 · 𝒂  , so  

𝒂 =
1

𝑚
· 𝑭 

  
If 𝑭 = 〈0,0,0〉, then all the forces 
‘balance out’ and the object has no 
acceleration.  (Velocity will remain  
constant) 
 
If 𝑭 ≠ 〈0,0,0〉, then acceleration will 
occur, and we integrate (or solve a 
differential equation) to find velocity and 
position. 
 
That is how we can model ALL motion 
problems! 

HW Example: An object of mass 10 kg is 
being acted on by the force  

𝑭 = 〈130𝑡, 10𝑒𝑡 , 10𝑒−𝑡〉.  
You are given  

𝒗(0) = 〈0, 0,1〉 and 𝒓(0) = 〈0, 1,1〉. 
Find the position function. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Measuring and describing acceleration 

 
Recall: comp𝒃(𝒂) =

𝒂∙𝒃

𝒃
 = length. 

 
We define the tangential and normal 
components of acceleration by: 
𝑎𝑇 = comp𝑻(𝒂) = 𝒂 ∙ 𝑻  = tangential  
𝑎𝑁 = comp𝑵(𝒂) = 𝒂 ∙ 𝑵  = normal  
 
 
 
 

For computing use,   

𝑎𝑇 =
𝒓⃑ ′ ∙ 𝒓⃑ ′′

|𝒓⃑ ′|
   and  𝑎𝑇 = 

|𝒓⃑ ′ × 𝒓⃑ ′′|

|𝒓⃑ ′|
   

 
For interpreting use, 

𝑎𝑇 = 𝜈′ =
𝑑

𝑑𝑡
|𝑟′(𝑡)| = “deriv. of speed” 

𝑎𝑁 = 𝑘𝜈2 = curvature · (speed)2 
 
 
 
 
 
 
 
 
 
 
 
 
 



Example: 
𝒓⃑ (𝑡) = < cos(𝑡) , sin(𝑡) , 𝑡 > 

Find the tangential and normal 
components of acceleration. 
 
 
 
 
 
 
 
 
 



Deriving interpretations: 
Note that: 𝒂 = 𝑎𝑇𝑻 + 𝑎𝑁𝑵 
 
Let 𝜈(𝑡) = |𝒗⃑⃑ (𝑡)| = speed. 

1. 𝑻⃑⃑ (𝑡) =  
𝒓⃑ ′(𝑡)

|𝒓⃑ ′(𝑡)|
=

𝒗⃑⃑ (𝑡)

𝜈(𝑡)
 implies 𝒗⃑⃑ =  𝜈𝑻⃑⃑ . 

2. 𝜅(𝑡) =  
|𝑻⃑⃑ ′(𝑡)|

|𝒓⃑ ′(𝑡)|
=

|𝑻⃑⃑ ′|

𝜈(𝑡)
 implies |𝑻⃑⃑ ′| =  𝜅𝜈. 

3. 𝑵⃑⃑ (𝑡) =  
𝑻⃑⃑ ′(𝑡)

|𝑻⃑⃑ ′(𝑡)|
=

𝑻⃑⃑ ′

𝜅𝜈
  implies 𝑻⃑⃑ ′ = 𝜅𝜈𝑵⃑⃑ . 

Differentiating the first fact above gives 

 𝒂⃑⃑ = 𝒗⃑⃑ ′ =  𝜈′𝑻⃑⃑ + 𝜈𝑻⃑⃑ ′, so 

𝒂⃑⃑ = 𝒗⃑⃑ ′ =  𝜈′𝑻⃑⃑ + 𝑘𝜈2𝑵⃑⃑ . 
 
Conclusion: 

𝑎𝑇 = 𝜈′ =
𝑑

𝑑𝑡
|𝑟′(𝑡)| = “deriv. of speed” 

𝑎𝑁 = 𝑘𝜈2 = curvature · (speed)2 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 


